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Abstract. We described a wide class of p-adic refinable equations generating 
p-adic multiresolution analysis. A method for the construction of p-adic or- 
thogonal wavelet bases within the framework of the MRA theory is suggested. 
A realization of this method is illustrated by an example, which gives a new 
3-adic wavelet basis. Another realization leads to the p-adic Haar bases which 
were known before. 



1. Introduction 

A sensation happened in the early nineties because a general scheme for the 
construction of wavelets was developed. This scheme is based on the notion of 
multiresolution analysis (MRA in the sequel) introduced by Y. Meyer and S. Mallat. 
Immediately specialists started to implement new wavelet systems. Nowadays it is 
difficult to find an engineering area where wavelets are not applied. In the p-adic 
setting, situation is the following. In 2002 S. V. Kozyrev [9] found a compactly 
supported p-adic wavelet basis for L^(Qp) which is an analog of the Haar basis. 
Another p-adic wavelet-type system generalizing Kozyrev's basis was constructed 
in[6],[7]. 

It turned out that the mentioned above p-adic wavelets are eigenfunctions of 
p-adic pseudo-differential operators [J, [2], [5]- [7], [S], [10]. This fact imphes that 
study of wavelets is important and gives a new powerful technique for solving p-adic 
problems (areas of applications can be found in [4j, [8], [T3]). 

Nevertheless, in the cited papers, a theory describing common properties of p-adic 
wavelet bases and giving general methods for their construction was not developed. 
Moreover, it was assumed in 3J that there are obstacles for creating a p-adic analog 
of the classical MRA theory. To construct a p-adic analog of a classical MRA 
we need a proper p-adic refinement equation. In "6^ the following conjecture was 
proposed: the equality 



(1.1) 0(^)=^0(i 



P 

r=Q ^ ^ 



may be considered as a refinement equation. A solution to this equation (a 
refinable function) is the characteristic function r2(|a;|p) of the unit disc. The 
equation (|1.1[) reflects a natural "self-similarity" of the space Qpi the unit disc 
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Bq{0) = {x : \x\p < 1} is represented as a sum of p mutually disjoint discs 



1. 3, Examples 1,2.]). The equation p.ip is an analog of the refinement equation 
generating the Haar MRA in the real analysis. Using this idea, the notion of p- 
adic MRA was introduced and a general scheme for its construction was described 
in [12]. In [12], this scheme was realized for construction 2-adic Haar MRA with 
using (|l.ip as the generating refinement equation. In contrast to the real setting, 
the refinahle Junction 4> generating the Haar MRA is periodic, which never holds 
for real refinable functions. Doe to this fact, there exist infinity many different 
orthonormal wavelet bases in the same Haar MRA. One of them coincides with 
Kozyrev's wavelet basis. The present paper is devoted to study of p-adic refine- 
ment equations generating MRAs and a method for the construction of MRA-based 
wavelets. 

Here and in what follows, we shall use the notations and the results from [13] . 
Let N, Z, C be the sets of positive integers, integers, complex numbers, respectively. 
The field Qp of p-adic numbers is defined as the completion of the field of rational 
numbers Q with respect to the non- Archimedean p-adic norm \ ■ \p. This p-adic 
norm is defined as follows: |0|p = 0; if a; 7^ 0, a; = p'^^, where 7 = 7(2;) G Z and 
the integers m, n are not divisible by p, then |a;|p = p~^ . The norm | • |p satisfies 
the strong triangle inequality \x + y\p < max(|a:|p, \y\p). The canonical form of any 
p-adic number x ^ is 

(1.2) X = p'' {xq + Xip + X2p'^ ^ ), 

where 7 — 7(x) G Z, Xj = 0,1, . . . ,p — 1, xq ^ 0, j ^ 0,1, . . . . We shall write the 
p-adic numbers k — ko + kip + • • • + fc^-iP*^^, ^o, ■ ■ • , ^s-i = 0, 1, 2, ... .p — 1, in 
the usual (for the real analysis) form: fc = 0, 1, . . . — 1. Denote by B^{a) ~ {x <E 
Qp : \x — a\p < p^} the disc of radius p'^ with the center at a point a G Qp, 7 G Z. 
Any two balls in Qp either are disjoint or one contains the other. 

There exists the Haar measure dx on Qp, which is positive, invariant under the 
shifts, i.e., d{x + a) = dx, and normalized by J^^^ dx = 1. A complex-valued 
function / defined on Qp is called locally- constant if for any x G Qp there exists 
an integer l{x) G Z such that f{x + y) — f{x), y G Bi(^^){0). Denote by I?(Qp) 
the linear spaces of locally-constant compactly supported functions (so-called test 
functions) [T31 VI. 1., 2.]. The Fourier transform of (yS G I'(Qp) is defined by 4){^) = 
F^Mi) = /q Xp{£. ■ x)(p{x)dx, ^ G Qp, where xp{^ ' x) = e^^'^^"^^" is the additive 
character the field Qp, {-jp is a fractional part of a number x G Qp. The Fourier 
transform is extended to L^(Qp) in a standard way. If / G L^(Qp), 7^ a G Qp, 
&G Qp, then [HI Vn,(3.3)]: 



Bo(0) = B_i(0)U ( 




(1.3) 



F[f{ax + b)m - \a\;'xp{- l^)Pifi^)] ) 



According to [131 IV,(3.1)], 



(1.4) 



F[f](p-'=| • |p)](x) =/f7(/|x|p), fcGZ, xeQ, 



where n{t) = 1 for t G [0, 1]; n{t) = for i ^ [0, 1]. 
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2. MULTIRESOLUTION ANALYSIS 

Let Ip — {a — p^''{aQ + aip + • • • + a^-ip''^^) : 7 G N; = 0, 1, . . . ,j3 - 1; j = 
0, 1, . . . , 7 - 1}. It is well known that Qp = Bo{0) U U^^S^, where = {x E Qp : 
\x\p = p'^}. Due to (|1.2p . X G S^, 7 > 1, if and only if a; = X-^p^^ + x^.y^ip ''^'^ + 
■ ■ ■ + x^ip~^ + ^, where x-^ 7^ 0, ^ G Bo{0). Since x^^p^'^ + x^^+ip^'^^^ + • • • + 
X-ip^^ G Ip, we have a "natural" decomposition of Qp to a union of mutually 
disjoint discs: Qp — UaeipBo{a). So, /p is a "natural" set of shifts for Qp. 

Definition 2.1. ( 12 ) A collection of closed spaces Vj C i^(Qp), G Z, is called 
a multiresolution analysis (MRA) in L^(Qp) if the following axioms hold 

(a) Vj C Vj+i for aU j G Z; 

(b) U.gz^J is dense in ^^(Qp); 

(d) /(•) G ^ /(p-i.) G for all j G Z; 

(e) there exists a function </> G Vb such that the system {(p{- — a),a G Ip} is an 
orthonormal basis for Vq. 

The function (/) from axiom (e) is called scaling. It follows immediately from 
axioms (d) and (e) that the functions p^^'^<j)(p^^ ■ —a), a G Ip, form an orthonormal 
basis for Vj, j G Z. According to the standard scheme (see, e.g., [TTl, §1.3]) for 
construction of MRA-based wavelets, for each j, we define a space Wj {wavelet 
space) as the orthogonal complement of Vj in V^+i, i.e., Vj+i = ® W'j, j G Z, 
where _L V, , j G Z. It is not difficult to see that 

(2.1) f eW, ^ f{p-'-)eW,+i, foraU jgZ 

and Wj _L Wk, j ^ k- Taking into account axioms (b) and (c), we obtain 

(2.2) Wj = £^(Qp) (orthogonal direct sum). 

If now we find a finite number of functions ip'^'^'' G Wo,^ G A, such that the 
system {ip'-'^'>{x — a),a G Ip,!^ G A} is an orthonormal basis for Wq, then, due 
to dm]) and (113), the system {p^/^V-M (p-^' • -a), a G Ip,j G Z, G A}, is an 
orthonormal basis for L^{Qp). Such functions tp^'^'^ are called wavelet functions and 
the basis is a wavelet basis. 

Let be a scaling function for a MRA. As was mentioned above, the system 
{p^^^(f>{p^^ ■ —a), a G Ip} is a basis for Vi. It follows from axiom (a) that 

(2.3) </> = Mip'^ ■ ~a), Pa G C. 

aG/p 

We see that the function is a solution of a special kind of functional equation. Such 
equations are called refinement equations, and their solutions are called refinable 
functions^ 

A natural way for the construction of a MRA (see, e.g., [TTJ §1.2]) is the following. 
We start with an appropriate function whose /p-shifts form an orthonormal system 
and set 

(2.4) V, = span{(/)(p-J • -a) : a G /p}, j G Z. 

^Usually the terms "scaling function" and "refinable function" are synonyms in the literature, 
and they are used for both the senses: as a solution to a refinement equation and as a function 
generating MRA. We separate the meanings of these terms. 
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It is clear that axioms (d) and (c) of Definition 12.11 are fulfilled. Of course, not 
any such a function cf) provides axiom (a). In the real setting, the relation Vo C Vi 
holds if and only if the scaling function satisfies a refinement equation. Situation 
is different in p-adics. Generally speaking, a refinement equation (j2.3[) does not 
imply the including property Vq d Vi because the set of the shifts Ip does not form 
a group. Indeed, we need all the functions (/>(• — b), b d Ip, to belong to the space 
Vi, i.e., the identities — b) = X^ae/ oca.b4>{p^^^ ~ ^) should be fulfilled for all 
b £ Ip. Since p~^b + a is not in Ip in general, we can not state that 4'{x — 6) = 
SaG/ C(a.b4>iP~^^ — p^^b — a) Q Vi for all b e Ip. Nevertheless, some refinement 
equations imply including property, which may happen because of different causes. 
The refinement equation (jl.ip is a particular case of (|2.3p . 



3. Construction of refinable functions 

Now we are going to study p-adic refinement equations and their solutions. We 
restrict ourselves by the refinement equations (|2.3[) with a finite number of the 
terms in the right-hand side: 

(3.1) 0(a;)=''^/3,</.(ix-4)- 

fc=0 ^ ^ 

If e L^(Qj,), taking the Fourier transform and using (|1.3p . one can rewrite (13. ip 
as 

(3.2) 0(O="^o(^)?(p?), 
where 

(3.3) moiO ^-Y. hXp{H) 

^ k=0 

is a trigonometric polynomial. It is clear that r7io(0) — 1 whenever 0(0) ^ 0. 

Theorem 3.1. If(j) is a refinable function such that suppcj) C Bq(0) and the system 
{(j){x — a) : a G Ip} is orthonormal, then axiom (a) from Definition 12.11 holds for 
the spaces (12. 4p . 

Proof. Since Xp(-0 = 1 for ^ e -Bo(O), we have Xp{~Oi{0 = ^(0. Applying 
the Fourier transform, we obtain <f>{x + 1) = <ti{x). Thus is a 1-periodic function. 



p. 



Since for all a £ I„ and aU fc = 0, 1, . . . , - 1, either - + e /„, or - + - 1 e /, 

P 5 ; 5 ; p p^ P^ p p^ J 

Due to the 1-periodicity of 0, it follows from (|3.ip that (/)(x — b) G Vi for all b £ Ip. 
This implies Vq C Vi, similarly Vj C V^+i for any j & 'Z. □ 

Theorem 3.2. Let (f) G L'^{Qp) be a refinable function, the system {(/)(x — a) : a G 
Ip} be orthonormal and supp0 C Bq{0). Axiom (6) of Definition \2.\\ holds for the 
spaces ()2.4p [i.e., UjezVj = L^(Qp)) if and only if 

(3.4) |Jsupp0(p^.) = Qp. 
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Proof. First of all we note that, due to axioms (d) and (e), each space Vj is invariant 
with respect to the shifts t — p' a, a G Ip. Show that the space Uj^zVj is invariant 
with respect to any shift t € Qp. Every t G Qp may be approximated by a vector 
p'a, a € Ip, with arbitrary large j G Z. If / G Uj-g^V,, by axiom (a) (which holds 
due to Theorem 13. ip , then f E Vj for all j > ji . It follows from the continuity of 
the function ||/(- + t)||2 that /(• + t) e UJ^zVj. Now let t G Qp. If g e UjgzV,-, then 
approximating g by the functions / G Uji^iVj, again using the continuity of the 
shift operator and the invariance of L2 norm with respect to the shifts, we derive 
g{-+t) G Uj^zVj. For X C L^(Qp), set X = { f: f G X}. By the Wiener theorem 
for L2 (see, e.j., [TT], all the arguments of the proof given there may be repeated 
word for word with replacing K by Qp), a closed subspace X of the space L^(Qp) is 
invariant with respect to the shifts if and only ii X = L2(f^) for some set fl C Qp. 
Let X ^ Ujei-Vj, then X = L2{n). Thus X = L'^{Qp) if and only if = Qp. Set 
(j>j — 4>{p^'-'-), Q.Q = Ujgzsupp and prove that Q. — Since 4>j E Vj , j E "Z, 
we have supp (jjj C f2, and hence Qq C f2. Now assume that f2\f2o contains a set of 
positive measure fii. If / G V,-, taking the Fourier transform from the expansion 
/ = J2a(£i ha4'{P~'' ■ ^o.) we see that / = almost everywhere on fii. Hence the 
same is true for any / G Uj^zVj. Passing to the limit we deduce that that the 
Fourier transform of any f G X is equal to zero almost everywhere on fii, i.e., 
£2(51) — L2{^o)- It remains to note that supp(/)j — supp (/)(p-'-) □ 

Theorem 3.3. If (f> E -L^(Qp) and the system {(l){x — a) : a E Ip} is orthonormal, 
then axiom (c) of Definition \2.l\ holds, i.e., (^jezVj = {0}. 

Proof. First, using the standard scheme (see, e.g., [11] Lemma 1.2.8.]), we prove 
that for any / G L^{Qp) 

(3.5) hm V |(/,p^"/2^(p-.._„))|2^o, 

a£lp 

where (•, •) is the scalar product in L'^(Qp). Since the space I'(Qp) is dense in 
i^(Qp) [13 VI.2], it suffices to prove ([33]) for any G X>(Qp). If e 2?(Qp), then 
there exists such that >p{x) = for all |^|p > p^ . Since |¥'(a;)| < M for all 
l^lp < p'^ 1 we have 

^ \ {^{-),p''^<P{p-^ ■-a))\^ <p^ J2( [ \ipix)mp-'x-a)\dx 

< p'+^AP y / \^{p-'x - a)f dx. 

By the change of variables 77 — p^^ x — a, we obtain 

where 6]\[j is the characteristic function of the set A^j = Uaeipiv '■ \v + o,\p ^ 
Since limj_,_oo dNjiv) = to^' ^'^Y V 7^ using the Lebesgue dominated 
convergence theorem [13l IV. 4], we obtain limj^_oo L (^Nj{v)\4>{v)\^ drj — 0. 
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If now we assume that / £ Hj^zVj, then f £ Vj for all j G Z and, due to (|3.5|) . 

^ aelp ^ 

i.e., 11/11 = which was to be proved. □ 

Theorem 3.4. Let(^ be a refinable function such thatsuppcf) C Bo{0). = 1 

for all ^ G Bq{0) then the system {(pix — a) : a £ Ip} is orthonormal. 

Proof. Taking into account formula p.4p . using the inclusion suppt/i C Bq{0) and 
the Plancherel formula, we have for any a £ Ip 

(</)(•),</-(•- a)) = / m'^{x^a)dx^ [ \m\'xp{ai)di 

Bo(0) JQp 

□ 

So, to construct a MRA we can take a function (j> for which the hypotheses 
of Theorems 13.41 and p.4p are fulfilled. Next we are going to describe all such 
functions. 

Proposition 3.5. If cj) £ L'^{Qp) is a solution of refinable equation S3. 2]) . (/){£,) is 
continuous at the point and (j){0) ^ 0, then 

(3.6) ^(^) = 0(o) J]mo(^ 
Proof. Iterating p.2p N times, N > 1, we have 

(3.7) m-llM^)^^P''^)- 



Taking into account that 0(^) is continuous at the point and the fact that |p CIp — 
P~^ICIp ^ as -> +00 for any ^ £ Qp, we obtain ((X^ . □ 

Proposition 3.6. If (j) is defined by (j3.6p . where mo is a trigonometric polynomial 
(13. 3p . mo(0) — 1, then (j3.2p holds. Furthermore, if S, £ Qp such that \^\p = p~^, 
then = </^(0) for n > s — I, and 

s—n—l ^ s— n— 1 r 

(3.8) m^m n "^o(^)=0(o) n ™o(^)=^(i) 

M;/iere ^ = CnP" + + ' ' ' + 6-2P^"', e„ ^ 0, /or n < s - 2. 

Proof. Relation (|3.6p imphes 0(pO = '/'(O) Iljli "^o( a-^j-i ) a-iid, consequently. 
Let n < s - 2, = p-", i.e., ^ = CnP" + + • • • , 6. 0. Since 

Xp{^) - 1, whenever ^ £ B_,+i(0), j G N, fc - 0, 1, . . . - 1, and Xp{^) = 
1, whenever j > s — n, we have p.Sp . It is clear that (j>{£^) — (/)(0) for rt > s — 1. □ 
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Corollary 3.7. The function (j) from Proposition \3.6\ is locally-constant. Moreover, 
if M > —s + 2, supp0 C Bm{0), then for any k = 0,1, . . . jp*^"*""*"^ — 1 and for all 
X e Bs-i{-p^) we have ^{x) = '^(^). 

Proposition 3.8. Let (f> be defined by (|3.6p . where tuq is a trigonometric poly- 
nomial (13. 3p . // mo(0) = 1, TOo(^) = for all k — 1, . . . ,p'' — 1 which are not 

divisible by p, then suppcj) C -80(0); 4> ^ L'^iQp)- If, furthermore, |mo(^)| = 1 for 

all k = 1, . . . .p"^ ~1 which are divisible by p, then \(t>{x)\ = \(t>(0)\ for any x £ Bq{0). 

Proof. By Proposition 13.61 <j) satisfyes (I3.2p and (|3.8p . Let us clieck tliat = 
for all such that |^|p — p^^ , M > 1. It follows from (|3.2p that it suffices to consider 
only Af = 1. Let \^\p = p, i.e., ^ = ^£.-1 + Co + CiP + ■ ■ ■ + es-2p'"^ + C', where 
C-i 7^ 0, e B_,+i(0). In view of dSH), we have 0(0 = 0(1) = 0(|), where 

fc = + ^oP + CiP^ H ^ 6-2j''*"\ C-i 7^ 0. Note that the first factor of the 

product in d^^) is mo(^) = 0. Thus 0(0 = for aU ^ such that \C\p ^ p. The 
rest statements follow from Propositions 13.51 13.61 □ 



Due to Theorems 13.1113.41 the refinable functions with masks satisfying the hy- 
potheses of Proposition 13 . 81 generate MRAs. Next, we will see that all properties of 
a mask toq described in Propositions 13.81 are necessary for the corresponding refin- 
able function to be such that supp0 C Bq(0) and the system {0(x — a) : a € Ip} 
is orthonormal. 

Theorem 3.9. Let be defined by p.6p . where thq is a trigonometric polyno- 
mial (|3.3p . //supp0 C -Bo(O) and the system {4>{x — a) : a £ /p} is orthonormal, 
then |'7io(^)| = whenever k is not divisible by p, and |'7io(^)| = 1 whenever k 
is divisible by p, k = 1,2, . . . ,p^ — 1. 

Proof. Let a G Ip. Due to the orthonormality of {(f>{x ~ a) : a e Ip}, using the 
Plancherel formula and Corollarv l3.71 we have 

Sao = (0(-), H- - «)) = / <l>ix)Hx -a)dx^ f m)WpH) dC 

JQp JBo{0) 



k=0 J\i-k\p<p-''+' k=0 "'l?-fe|p<p- = + ^ 

r 1 ^ 

E \mWpiak) J XpK)dC^^ni\f-'a\p) E imWpi^k). 

fc=0 fe=0 



Since ridp'* ^a|p) 7^ for all a e i?„s+i(0), this yields 

1 ^ 1 

E l'^(^)Pxp(afc) = ^ao, a = 0> — 



Consider these equalities as a linear system with respect to the unknowns Zfe — 
|0(fc)p. It is well-known that the system has a unique solution = 1, fc = 
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0, 1, . . . jP** ^ — 1, i.e., \(j){k)\ = 1 for all fc = 0, 1, . . . jP** ^ — 1. In particular, it 
follows that |0(O)p = 1, which reduces (|3.6p to 

(3.9) ^(e) ^ ^0 (^) mo (^) • • • mo (C) . 

Let us check that |mo (^) | ~ 1 for all k divisible hy p, k — 1,2, . . . ,p^~^ — l. This 
is equivalent to |too(^) | = 1 whenever iV = 1, 2, . . . ,p^^^, k — 1,2,... ,p^ — 1, 
k is not divisible by p. We will prove this statement by induction on N. For 
the inductive base with iV = 1, note that 1 — |(/)(p'*~^)| = |mo(|)|. For the 
inductive step, assume that |rno(^)| = 1 for all n = 1,2,..., TV, N < s — 2, 



fc = l,2,...,p" — l,fcis not divisible by p. Using ()3.9|1 and 1-periodicity of mo, we 



have 1 — 



, for 



alH = 1, 2, . . . — 1, / is not divisible by p. Now assume that mo(^) ^ for 

some fc = 1, 2, . . . ,p'* — 1 not divisible hyp. Since (^(|) — 0, due to (|3.9p . there exists 
n — 1,2, ... ,s such that mo {jJ^) — which contradicts to |mo( p.,^„ ) | = 1- D 

We have investigated refinable functions whose Fourier transform is supported 
in the unit disk Bo{0). Such functions provide axiom (a) of Definitio ri2 . 1 1 because 
of a trivial argument given in Theorem 13. II If supp0 Bo{0), generally speaking, 
the relation </>(•— a) G Vi does not follow from the refinability of 4> for all a G Ip 
because Ip is not a group. Nevertheless, we observed that some such refinable 
functions also provide axiom (a). Let p — 2, s ~ 3, (j) he defined by (|3.6|) . where 
mo is given by p.3p . mo(l/4) = mo(3/8) = mo(7/16) = mo(15/16) = 0. It is not 
difficult to see that supp^ C Bi{0), supp0 ^ Bq{0). Evidently, axiom (a) will be 
fulfilled whenever 4>(^x ~ l) — J2l=o^kr4>(^'^x — k — 1,2,3, x e Q2, which 

is equivalent to 0(OX2(^) = mfc(|)^(2C), k = 1,2,3, ^ G Q2, where nikiO = 
^ J2 lk,rX2{rO- Combining this with (021) we have 0(8^)(mo($)x2(fcC))-mfe(C)) = 

r=0 

0, fc = 1, 2, 3, C G Q2. These equalities will be fulfilled for any ^ G Q2 whenever they 
are fulfilled for ^ = 1/16, I = 0, 1, . . . , 15. Desirable polynomials m^, k — 1,2, 3, 

exist because we have '^'(5) = '^(^) ^ '^(^) ^ '^(^) ^ *^(^) ^ '^(^) ^ 
(/)(1) = (/)(5) = 0. So, we succeeded with providing axiom (a) of Definitior l2.11 but, 
unfortunately, such a </) is not a scaling function generating MRA because axiom (e) 
is not valid. Moreover, it is possible to show that for any refinable function whose 
Fourier transform is in Bi{0) but not in Bo{Q) the shift system {(j){x — a) : a £ Ip} 
is not orthogonal. We suggest the following conjecture: it does not exist compactly 
supported refinable functions with mutually orthogonal shifts {4>{x — a) : a G Ip} 
whose Fourier transform is not supported in i?o(0). 



4. Wavelet bases 

Now we discuss how to find wavelet functions if we have already a p-adic MRA 
generating by scaling function. Let the refinement equation for (f> be (|3.ip . We look 

for wavelet functions tp^^^ v = 1, . . . ,p—l, in the form ijj^^\x) = lvk<t>\-x — 
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, where the coefficients are chosen such that 

(4.1) (V'(''\0(--a))-O, (^^''\i>^^K- - a)) ^ 5,^5^a, i^, = 1, . . . ,p - 1, 

1 1 

for any a £ Ip. It is clear that (|4.ip are fulfilled for all a ^ 0, ^^j^-, . . . , ^^^,,7 . 
Set B = -^{Po, ■ ■ ■ ,/3p--i)^, Gy = -^hi^o, ■ ■ ■,lu,p--if, = 1, . . . ,p - 1, 





( 


. 


. 


1 \ 




1 


. 


. 










1 . 


. 







I 


. 


. 1 


/ 



To provide (|4.ip for a = 0, . ■ . , ^ ^s-i ^ we should find vectors Gi, . . . , Gp_i so 
that the matrix 

U = {S^B, SP'^'-'^B, S°Gi, SP'^'-^Gi,. . . , S°Gp-i,. . . , SP"''-^Gp-i) 
is unitary. 

Example 4.1. Let s = 1. According to Proposition 13.81 we set too(O) — 1, 
"^o(|) = 0, /c = 1, . . . ,p - 1 and find the mask mo(0 = ^ECoXpI^O (here 
/3fe = 1 in ()3.3p and i? = ^^(1, . . . , l)"^). The corresponding refinement equa- 
tion (|3.ip coincides with the "natural" refinement equation (jl.ip . and its solution 
0(| • Ip) is a refinable function generating a MRA because of Theorems I3.HIX41 
To find wavelets we observe that the unitary matrix {^e'^^^'^''}k,i=o,...,p-i may 
be taken as U'^ . Computing the wavelet functions corresponding to this matrix 
U, we derive the formulas which were found in [9]: ijj'^'^^lx) = Xpi^^)^{\^\p) : 
V =l,...,p-l. 

Example 4.2. Let s — 2, p = i. According to Proposition 13.81 we set nT-o(f) = 
if k is not divisible by 3, and mo(0) — 1, Tiod) = '^o(|) = ^1- In this case 
TOo(z) = 3-2 ( - 1 + 2z + 2z2 - z3 + 2z^ + 2z^ - + + 2z^) , z = e^"^ and 

1, ieip<i 
-1, ie-i|p<i 

-1, IC-2|p<i, 
0, ICIp > 3. 



m = 



Thus, the corresponding refinement equation (|3.ip is (j){x) — X]fc=o 
where /3o -5, /3i = /32 = |, A3 = /34 = /35 = |, -5, Z?/ = A = f , and 

^37 Nip < 3 

(4.2) d^[x)={ f' ["^"l!""^ = irj(|3a;|p)(l--2.*{^>^--4.*{">^ 



37 1^^ |lp — 1 3 ^ 
0, |a;|p>9 

So, we have B = ^(-1,2,2,-1,2,2,-1,2,2)'^, and the vectors B,SB,S^B 
are orthonormal. We need to extend these three columns to a unitary matrix 
U = {B,SB,S^B,Gi,SGuS^Gi,G2,SG2,S^G2). It is not difiicult to see that 
the vectors Gi = ^(1,0,0,-1,0,0,0,0,0)'^, G2 = ^(1,0,0,1,0,0,-2,0,0)'^ are 
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appropriate. The corresponding wavelet functions are '0*^^-' — y § (</>(§) ~0(f^-|)) j 
= ^(0(1) + 0(1 - 1) - 20(1 - I)). Substituting g^]), we obtain 



21 l^^lp — 3J f l^lp — 3' 

0, |x-2|p<i, ^' 
0, \x\p > 3; " 
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